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QM treatment

The trap potential may be written as :
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_ m w2
— 52 f
V(t) = > w(t)x where W(t) = Tr lax + 2q, cos(w,st)]

With these definition the Hamiltonian looks :

_ p?  m )
Am=—+ W&
2m 2

Reminder: u({) = AelFxIEy__ 1 Conel2n) 4 Bel-iblls> |, el-121)
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QM treatment

i = + W(t)
The equation of motion of the operators in Heisenberg picture are:
$=—=[z,Am] =2 p==[p,A™] = —mw (D)2

By combining we obtain:

X+W®x=0

This is equivalent to Mathieu equation (not surprising!!) provided x_is replace
by u(t) function. So to solve this Hamiltonian, we use the special solution of

Mathieu equation subject to boundary conditions

Reminder: u({) = AelFxSIgy __ 1 Conel2n) 4 Belmiballye | C,, el-1210)
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Reminder: u({) = Ael"fx4Igg __ 1Crpel?™) + Bel=ihxlsp 1 Cypel™i2nd

u(0) =1, u(0) =iv These boundary condition implies A =1,B =0
iﬁxwrft ] iﬁxwrft
u(t) =e 2 I3 _Cre™rt = 2 d(t)
\.. . . 2T
Periodic with period T = -
rf

Therefore the coefficients takes the form:

Ye—oolon =1 u(0) =1

V = Wy Y — o Con ('Bzx ) 1(0) = iv

This solution and its complex conjugate are linearly independent and hence
they obey Worskian identity

w
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QM treatment

This solution and its complex conjugate are linearly independent and hence

they obey Wronskian identity
u*()u(t) —u@®u (t) =u"(0)u(0) —u(0)u*(0) = 2iv

Similar argument holds for X(t) and u(t) as both obey the same differential

equations, so a complex linear combination as

C(t) = \/%i{u(t)a*c(t) —u(®)x(t)}

Is also proportional to their Wronskian identity and also constant in time
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QM treatment

A A 1
C() = C(0) = /m{mwem) +ip(0)}

This is familiar annihilation operator of static HO of mass m and frequency v

Ct)=C0)=a Implies |IC,CT| =[a,aT] =1

This oscillator which is time independent is known as the reference oscillator

L {au*(t) + a’u(t)}

2my

am .
E{au (t) + atu(t)}




MAKING OF A QUBIT

Content

1. Light matter interaction
2. Cooling of ions

3. Single qubit operations
4. Multi-qubit operations

w




lechnologies National University
of Singapore

Light matter interaction

Time dependent SE ih all/’g’;' 2) = H(®)|w (D)
Lolp) ,
Stationary states of atom ih ot [Ho+H'(O]1Y)
Holdw) = Exldw)
atom Light-atom

Any state in the atomic basis

1) = Zpcildr)
Plugging back to TDSE

d
ihachklc,bk) = [Hy + H' ()| Zxcr | Pr)

Multiplying both sides by (¢;| on both sides

; | H = (¢ 1H' (Ol
ihacj(t) = EkHj'kck(t)e“”ikt Wi = (a)j — a)k)

w
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This equation is exact but not possible

a .
e 2 _ ! lw ikt
th—c;j(t) = ZxHjpcp (t)e™™ to solve without approximating

ot

We are interested in laser light interacting with an atom. Therefore assuming the
laser to be of single frequency and addressing only two states of the atom.
Therefore truncate the summation to only two states:

Two-level system interacting with light:

" deg(t) - it
l dt Ce(t)Hge(t)e j=g;k =e ground and excited state

dc,(t . = — atomic resonance frequenc
ih ;E ) = Cg(t)[-]ég(t)elwat Wq = We — Wy qu y
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Now we need to calculate the exact form of Hj,(t) for light matter interaction

(2-level approximation)

P2

H = % + V(T‘)\
Coulomb energy
KE /
(P - eA)2 e - —
H = +V(@r)——S-B
2m m
2 2 A2 e

Reminder (EM-II):

A@t) = (Ap&, etky=0t) 4 s g e~ilky-wb))
E 04

E = —E - l(,t)AO

B .

E =VVXA= lkAO

e

e - - - - - —
=—+V — P-A+A-P) ——S-B
2m+ )+ 2m Zm( " ) m \

\

B field spin interaction

Energy of EM field E field - charge interaction

-\\jf%
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P - eA 2 e 5 -
=( ) +V(@)——S-B
2m m
P v+ © (B A+i-P) - 2¢/5
“om N2 om T 2m
Neglect A% as compared to A Neglect S.B as compared to P. 4
e - -
=Hy ——P-A
e
= Hy — —P,|AgeV e 0t — Afeikyelot] Expanding the exponential factor
m

_ i2my k2v2
ety — o1 = 1+ iky— 24

Dipole approximation only 1stterm is kept

e
= Hy ——P,sinwt
mw

By proper choice of gauge it can be shown to be equivalent to

= HO — eE')f‘)
= Hy + H; American Journal of Physics 50, 128 (1982)
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Two most important interactions are electric dipole and electric quadrupole

JoE; 1 1 1 - .
Hy = eQija_x; =e (xl-xj - §5ijx2> = e k z(E.Z) [ie!®y=9) 4 ¢ c.]

In matrix representation in the basis of |e) and |g)

Hpjq = hl'®(1g)el+leXgl) x [0t ®) 4 gmilixmettol],

Where,

h D = - . "

500 = (g|E - 7|e) Dipole transition

h k - i,

E‘Q‘OQ = %(g ||F|(E : F)| e> Quadrupole transition

EﬂgT — —p [0g30e3| oA Two photon Raman transition
2 Ag
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Scanning Zeeman States

I j +

Blue/Blac | 2A
k

Red/Oran | 2.5A
ge

Br | 3A
own

Green 35A

Scan 20 MHz range.

B field — Laser beam : 45°

B field — beam polarization : 45°
X axis is the frequency detuning.
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Total Hamiltonian: trapped 2-level ion

H = Hatom + Herap + Hi
— HO +HI

Atomic Hamiltonian:

h h
Hutom = Ewa( le){el—lgXgl) = Ewao-z

n? 2

p° m|( L .
Hipap = m + 5 ( ;f (ax + 2qy COS(Qrft))> x°

The solution of the unperturbed Hamiltonian is completely
known, therefore

-\\jf%




Total Hamiltonian: trapped 2-level ion

H = Hatom + Herap + Hi
— HO +HI




Total Hamiltonian: trapped 2-level ion

The concept

1762 nm




H; in interaction picture is:

Hinter = Uy TH, U,

A%@

National University

. it
Reminder Uy =e #'°

i i i o o i
— gﬂegHatOmt(o__l_ + O__)e—gHatomt % egHtrapt[ el(kx—a)t+qb) + e—l(kx—wt+¢)]e—£Htrapt

Baker—Campbell-Hausdorff formula

Reminder: eXYe™ =Y + [X, Y]+ —[X,[X,Y]] + -

A . . EH t SO A —i(lr— —EH t
EQ(O-+elwat +oe lwat) X en‘itrap [el(kx wt+¢) +e i(kx wt+¢)]e mAtrap
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* Rotating wave approximation for (w, + w)
* The transformation of H,,, to interaction picture is same as converting to

Heisenberg picture meaning x — X (t)

2(t) = /zmisec (au*(t) + a+u(t))

Therefore we obtain: Lamb-Dicke parameter;

Hinter = gQO.+ei(¢>+n[du*(t)+d*u(t)]—8t) + h.c.
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Hinger = 200, i@l ©+atu]-50) 1

Further simplification can be done by considering the parameter regime in which
a linear trap works:

(laxlr %Zc) K1= ﬁxwrf ~V

Cy ~ (1 + qz—")_1

Q

N| S

Hinger () = O.+ein(de_in+dTein)ei(cp—St) + h.c.

Ux
1+2

w

- gQOG+ei"(de_mmTeWt)ei(‘P“St) + h.c.




lechnologies National University
of Singapore

Special case: Lamb-Dicke regime
Spread of the wave packet~ 10nm

|| h /
7= 2MVepe A | 2MVgpe

Wavelength of probe light~ 500 nm

n<Kl1

h . . .
Hippor (t) = §Q00+ (1 + in(ae "t + &Jre“’t)) et(@=%t) L p.c.
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Three cases of importance:

Carrier (6 = 0):

h : .
H. = EQO(O'_,_BL(I) + o_e”'®)

Red Side Band (RSB) (§ = —v):

h . .
EQOn(dme“p + ato_e ¥ Qpn-1 = Qovnn

Blue Side Band (BSB) (6 = +v):

-\\jmvé-



Carrier and Side-band
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Power of rf =4 W
(trap frequency ~ 1.8 MHz)

Radial blue-sidebano

Radial red-sideband

P=0.16

carrier

P=0.14

P_red_ n _0.14
Pblue n+1 0.16

n=7

W—%—
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Higher order sidebands § = lv with || = 1

These involve two-"phonons”
2

h | |
He =9 "7 (a%0,e'® + at’o_e~i)

For | = —2, since it depends on n? the coupling strength is very low




Resolved sideband

6O =1lv+ 6 where§ Kv

[W(8)) = EnZoln,g (DN, g) + cne(D)In, e)

ihd, Y (t)) = Hy, [Ww(t))  [time dependent SE]

_ 1=l ,i(8"t- On+in
= —1 | le ( qb) )Cn+l,e

: _ 1+l ,—i(8't—¢) (Pntin
Cntle = —1L | le ( ?) ET) Cn,g

Laplace transform to solve:
IC(n+l,e)(t) _ [cnﬂ,e(())
C(n.g) (t) " Cn.g (O)

-\\j:—-—_—'——_‘vﬂﬁ_'__—':——
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Resolved sideband

National University
of Singapore

(_.(8 / o , |
e l< 2 )t [COS (fﬁ> + i sin (fnt)] _i ‘Qn-l-ll,n l(
Tl = 3 2 fn : fn
no . |llr &'t / /8!
—t Qntl'n e_l(¢+7_7> sin (fnt> el(7>t [COS (
\ fn 2
fn = \/5’2 +02,,,

fat
2

i5
— ——SI1n

fa

)

|l|7 5’t) f,
UL
e P72 sm(n

(

2

fut
2

)

Rabi oscillation between the |n, g) and |e,n + [)
Side-band cooling / ground state cooling

Single qubit operation
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Resolved sideband

P3/2 A 1.0 ] >,
. [
| .
- i
I:’1/2‘ = 0.8
_|_
S -. .
— < 06 ! f -r,
D5/2 f= 2,
® . M
o 0.4 -
493 rﬁrr 455 nm 2 ﬁ. | "
Dso o I
9 0.2- o/ ' .
1762 nm o L 4 4
0-0 ! 1 N 1 v 1 N | ' 1
0 2 4 6 8 10
S1/2 .
Time (us)
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Un-resolved sideband

Master equation for 2-level atom in equilibrium with thermal
reservoir (master eq. with spontaneous emission given by

Liouvillian) :

dp i [ _ N
at & [Htrap + Hyeom + Hp, p] + Ldp

where,
L% =~ (20‘ ‘6t —0To"p—potoT)
where,

- o ,
p' = %f_ll dz Y (z)e*Zpe~t*Z where, Y(z) = 3(1+2°)

« Laser Doppler cooling
» Electro-magnetically induced transparency

-\\jfvﬁ—?—"
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Doppler cooling

V,(x) = %mvzx2 Pseudo potential (day-I)
v(t) = vy cos(vt) Classical velocity
(Q) = F,, = hkl'p,, Rate of change of momentum
dt/ qu
Pee = 35 5 excited state population
1+s+( leff)
2|02

saturation parameter

effective detuning
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Doppler cooling — the drag

F,, = hklpg, Rate of change of momentum
F,, =F,(1+xv) linearizing force in terms of velocity
where

RkTZ - . .
Fy = Y definition of force that displaces the ion

1+s+(%7)

8kA

K =—2L definition of the friction
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Doppler cooling — rate and final temp.

E. = (F V) = FO((v) + k(v*?)) = Fyr(v?) cooling rate

E, = — dt( 2y = Egps + Eomit sum of abs. and emiss. rate

=F,s(1+8) ~— (hk)ZFpee(v = O)(l + &)  heating rate

(1+S)F

m{v?) = kgT = (1 + &) [ final energy
Tp; = hr\/ﬁ (1+¢) final temperature

Best results

Required detuning

saturation parameter
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Doppler cooling — profile

I33/2 A 200 —
wn
I31/2 ] e
=
§ 100
D5, 3
| o
(@]
J
493 rﬁrr 455 nm o
Da
1762 nm 0 -
T T T T T v T T 1 T T
150 160 170 180 190 200
31/2 Detuning / MHz
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Doppler cooling — profile

I33/2 A 200 —
wn
I31/2 ] e
=
§ 100
D5, 3
| o
(@]
J
493 rﬁrr 455 nm o
Da
1762 nm 0 -
T T T T T v T T 1 T T
150 160 170 180 190 200
31/2 Detuning / MHz
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Carrier and Side-band
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Power of rf =4 W
(trap frequency ~ 1.8 MHz)

Radial blue-sidebano

Radial red-sideband

P=0.16

carrier

P=0.14

P_red_ n _0.14
Pblue n+1 0.16

n=7

W—%—
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Resolved sideband

Expanding in terms of n and keeping upto the second term

Carrier with rabi frequency

h .
HD (1) = Q[a+ “Ot 4 hoc.|
+E-Q{Zflo=—ooi77C2n5'+e_i6t X [&e—i(v+nﬂrf)t n a-]-ei(v+nﬂrf)t]

2
+h.c.}

Sidebands +(v + n(Q, ) with strength nC,,Q

Condition for validity of resolved sideband
Qpp KV LT
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Sideband cooling to ground state

Adjust detuning § = w —w,; = —v (n = 0)
/ Carrier shifted by v

HD ., = EQ[&rei"t +6 eV +in(6.a+6-a")

+in(G,atet + 6_ae~12v)] \

blue sideband at 2v  "ésonant sideband

Cooling rate:

R,, = excited state occpancy probability (P,(n))
X decay rate

-\\jf%
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Sideband cooling to ground state

Cooling rate

R,, = excited state occpancy probability (P,(n))
X decay rate

_ _ nQ)?

R, =TP,(n) = Fz(n(jﬁ\g)z)_l_ =

- The rate is depended on n

- The rate vanishes as n=0 is approached
- The final motional state is a dark state

- Dominant contribution to heating comes from carrier and
15t blue sideband absroption

-\\jfvﬁ_-:—:-—




Sideband cooling

Restricting to the first two motional states the rate equation
(equilibrated heating and cooling):

2 2
Q . (" .
il ~2r+(—)r
<2v> L 4y
P1=_PO

P; are probabilities to be in state |[i)

. 0)2
p = p, (nr) _p,

In steady state P, = 0

. f2ﬁ2+1
nEAE 2V n 4
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Sideband cooling

1.05
1.00—-
0.95—-
0.90—-
0.85—-
0.80—-
0.75—-
0.70—-

0.65

before

w

Frequency (MHz)

n

7

1.05

1.00

0.95

0.90

0.85

0.80

0.75

0.70

0.65

41

after

Model
Equation

Reduced
Chi-Sgr

Adj. R-Square

Gaussian

y = y0 + Al(wsqrt(PI/(4%In(2)))) * exp(-4"In(2
V- 2hwt2)

9.17577E-4
0.70014
Value Standard Error
¥0 0.99432 0.00872
e 17468394 4.13228E-4
A -0.00118 1.74215E-4
w 0.00783 0.00111

Model
Equation

Reduced
Chi-Sgr
Adj. R-Square

Gaussian

v = y0 + Al(w*sqri(PI/(4"In(2)))) * exp(-4°In(2)*
(%-Xe)*2/w"2)

4.52472E-4
0.49155
Walue Standard Error
yo 0.89052 0.00478
xC 176.25375 6.4213E-4
A -5.59803E-4 1.25895E-4
w 0.00807 0.00173

n=0.9

| I | | | I 1 I | 1
349.2 349.6 350.0 350.4 350.8 351.2 351.6 352.0 352.4 352.8
Frequency(MHz)

National University
of Singapore
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Motional state population
[W(0)) = 19)Er=ocnln) Initial state

P,(t) = (v @®|Clg)Xg| ® ) [ @®))

probability to be in the ground state after excitation

Pg(t) —

N | =

[1 + Z%"zoPncosQn,nﬂt] after blue sideband excitation

P, = |c,|*  probabilities to be in motional n-state

-\\j:—-—_—'——_‘vﬂﬁ_'__—':——
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Motional state after cooling

1. Final state is a thermal state
2. UsePF.(t) =1—F(t)
3. Find the probability ratio of red-to-blue sideband excitations

RSB i \™ . 5
P (t) = m 1(@) Sin Q'm,m—lt

= \Mm
_ n 0 n =2 —_
- ﬁzm=0 (Z) S1n -Q'm+1,mt -Q'm+1,m - -Q'm,m—l

- PBSB (¢)

Tl+
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